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This internal report deals with the calculation and analysis of signatures
of sterile neutrinos with squared mass di�erences of about 1GeV2. In
large parts it is a translation of Denise Hellwig's bachelor thesis, available
in German at http://www.physik.rwth-aachen.de/. The introductory
chapters dealing with astrophysics and IceCube have been skipped in
this translation, and the chapter regarding the calculation of weights
with nuCraft has been extended by Marius Wallra�.
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Chapter 1

Theory

1.1 Neutrino oscillations

1.1.1 In vacuum

Flavor states of neutrinos are de�ned by their behavior under the weak interaction. Since
sterile neutrinos do not take part in it, they actually do not have a �avor state. If a �avor
state is associated with sterile neutrinos in this work, it is their state in the base the known
�avor states exist.
The �avor states of the known neutrinos are not necessarily identical with their mass
eigenstates, but in general are a linear combination of the mass eigenstates instead. One
can express the �avor eigenstates by the mass eigenstates by making use of a mixing matrix:

|νFlavor〉 = U |νMass〉 . (1.1)

For this, U has to be an element of the special unitary group SU(N ). SU(N ) is de�ned by
SU(N) = {U ∈ C(N×N) |U ·U† ≡ U ·U∗T = 1 (unitarity) ∧ det(U) = 1 }. Applying these
de�nitions for example on the 3+1 model yields:

|νFlavor〉 =

( νe
νµ
ντ
νs

)
und |νMass〉 =

(
ν1
ν2
ν3
ν4

)
. (1.2)

The extension to more dimensions is done by adding additional sterile states. The men-
tioned matrix U is named Pontecorvo-Maki-Nakagawa-Sakata matrix, or brie�y PMNS
matrix [1]. For now, possible CP violation phases will be neglected; they will be intro-

duced in section 1.1.3. Due to the unitarity, U has only
N(N − 1)

2
free parameters for N

neutrino types. Usually, the PMNS matrix is represented by a product of rotation matrices
like

R13 := R13(θ13) =


cos(θ13) 0 sin(θ13) 0

0 1 0 0
− sin(θ13) 0 cos(θ13) 0

0 0 0 1

 , (1.3)

here again exemplary for four neutrino types. The generalization is given by (Rij)mn =
δmn(1 − (1 − cos(θij) · (δim + δjm)) + sin(θij(δmi − δnj)). With this choice, the required
conditions are ful�lled. There are as many mixing angles as free parameters of the matrix.

Denise Hellwig, Marius Wallra� 1



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

Chapter 1. Theory

Because rotation matrices in general do not commutate, many possibilities for equivalent
parametrization exist [2]. Therefore it is important to declare the parametrization of the
PMNS matrix.
The time evolution of the states is given by

i
d

dt
|ν(t)〉 = H |ν(t)〉 , (1.4)

where ~ = c = 1 [3]. In the mass base the Hamiltonian H is diagonal and can be evolved
to

Hii =
√
p2 +mi

2 ≈ Eν +
mi

2

2Eν
(1.5)

[3], because p � mi applies and therefore also pi ≈ pj ≈ p . Eν is the neutrino energy.
The momentum p is irrelevant for the transition probability |〈ν|ν ′〉| because it just leads
to a global phase. If we use x ≈ c · t, we get

i
d

dx
|νmass〉 =

1

2Eν
·M|νmass〉 . (1.6)

Here, M is a diagonal matrix, its entries are the squares of the masses
(
(M)ij = δijmi

2
)
.

Alternatively, the parametrization (M)ii = mi
2 − m1

2 can be chosen, because all parts
that are proportional to the identity matrix just change the global phase. Therefore, the
absolute mass scale does not a�ect the oscillation probabilities. The notation

∆mji
2 := mj

2 −mi
2 (1.7)

is common.

In order to get the time evolution in the �avor base, we have to make the transformation

M̃ = U ·M ·U† . (1.8)

This results in

i
d

dx
|νflavor〉 =

1

2Eν
· M̃ |νflavor〉 . (1.9)

The transition probability P (α → β) of the �avor states α and β between the starting
point and the point ~x can be calculated by

P (α→ β) = |〈να(~0)|νβ(~x)〉| . (1.10)

In case of two �avors and α 6= β [3],

P (β → α) = sin2(2θβα) · sin2

(
1.267

L∆m2
βα

Eν

GeV

km eV2

)
, (1.11)

where E is the energy of the neutrinos and L is the path length through the Earth.
Due to the factor of sin2(2θαβ), large e�ects are not possible in vacuum for small mixing
angles. Independent of the number of states, there is no di�erence between particles and
antiparticles. Overall � in vacuum as well as in matter � particle number preservation
applies:

N∑
k=1

P (αj → αk) = 1 . (1.12)

2 RWTH Aachen University
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1.1. Neutrino oscillations

Figure 1.1: Feynmann graphs for the interaction possibilities of the di�erent �avor states;
timescale from the left to the right

1.1.2 In matter

Neutrinos can interact with matter if they move through it. This results in the so called
matter e�ects [1]. (1.9) has to be modi�ed to [4]

i
d

dx
|νFlavor〉 =

1

2Eν
·
(

M̃ + A
)
|νFlavor〉 . (1.13)

A has entries on the main diagonal to take into account the possibilities of the neutrino
types to interact with matter. Sterile neutrinos do not interact with it per de�nition. Fig.
1.1 demonstrates the interaction possibilities of the known states. All conventional �avors
are able to exchange Z0 bosons with matter. This causes coherent forward scattering.
Additionally, electron neutrinos (and electron antineutrinos) are able to interact with mat-
ter by exchange of W± bosons. As already explained above, terms that are proportional
to the identity matrix do not change the oscillation probabilities. For this reason

A = diag(ACC , 0, 0,−ANC ,−ANC , ...) (1.14)

can be chosen [5]. The illustrative meaning of A is that of an induced squared mass [5]
[4]. It can be shown that for non-electron neutrinos and antineutrinos, the squared masses
induced by electrons and protons cancel out each other and only the terms induced by the
neutron number density remain. Therefore,

ACC = ±2
√

2GFρNAYeEν and ANC = ∓
√

2GFρNAYNEν (1.15)

applies [5], where ρ is the density of the matter and Ye = Yp the electron fraction that
equals the proton fraction. Yn = 1 − Ye is the neutron fraction, GF the Fermi constant,

Denise Hellwig, Marius Wallra� 3
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Chapter 1. Theory

and NA the Avogadro number. The upper sign holds for particles, the lower sign for
antiparticles. Due to the unequal signs in (1.15), the e�ects are no longer symmetric in
particles and antiparticles.
In matter, resonances are possible even for very small mixing angles. To illustrate this,
e�ective mixing parameters are introduced frequently at this point. Expressed by these
new matter parameters, (1.13) has the same pattern as (1.9). The matter parameters solve
the equation

U ·M ·U† + A = UMat ·MMat ·U†Mat , (1.16)

where MMat originates from M by the replacement ∆m2
ji → ∆m2

ji,Mat. The mixing angles
can be transformed analogously.

Provided that the situation can be described as a two-�avor oscillation [5]:(
∆m2

ji,Mat

)
=
√

(∆m2
ji cos(2θij)−AM )2 + (∆m2

ji sin(2θij))2 , (1.17)

sin(2θij,Mat) = sin(2θij)
∆m2

ji

∆m2
ji,Mat

, (1.18)

where [5]
AM = Aii −Ajj . (1.19)

Maximum resonance for the transition i→ j occurs under the condition
sin(2θij,Mat) = 1. Using (1.18), this can be rewritten as

AM = ∆m2
ji cos(2θij) . (1.20)

This condition can only be ful�lled if the signs on both sides are equal, so there is a
resonance either in the particle or in the antiparticle channel. Because of AM ∼ Eν
for constant density, only a single resonance energy Eν, res ∼ ∆m2

ji exists in this case.

Especially with θij → θij,Mat and ∆m2
ji → ∆m2

ji,Mat for constant densities, the transition
probabilities follow the same pattern as in vacuum. Equation (1.11) is applicable.

1.1.3 With CP violation

If the CP invariance is not kept, the parametrization of the PMNS matrix alters. The
PDG standard representation for the three known �avors arises in this case as [1]:

U = R23(θ23, 0) · R13(θ13, δ) · R12(θ12, 0) ·V(ei·0.5·α1 , ei·0.5·α1)

=

 1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
iδ

0 1 0
−s13e

−iδ 0 c13


 c12 s12 0
−s12 c12 0

0 0 1

 ei·0.5·α1 0 0
0 ei·0.5·α2 0
0 0 1

 .

(1.21)

From here on, the following abbreviations will be used

sij = sin(θij) and cij = cos(θij) . (1.22)

The evolution of the states is still given by (1.13). δ 6= 0 is only possible if neutrinos are
Dirac fermions, and α1, α2 6= 0 only if they are Majorana fermions. If the CP invariance

4 RWTH Aachen University
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1.2. Mass hierarchies and sterile parameters

is kept, all phases vanish. Whether neutrinos are Dirac or Majorana fermions is not clear
yet.

Majorana particles are their own antiparticles. For neutrinos this means that it is possible
to transform them into antiparticles regarding the weak interaction by stopping and then
boosting them in the opposite direction, because only left-handed particles and right-
handed antiparticles take part in the weak interaction. In case of Dirac fermions, this
produces right-handed particles that do not interact weakly. The Majorana phases do not
modify the matrix M̃, because diagonal matrices commute with other diagonal matrices.

In the following, only Dirac phases will be considered. Per rede�nition of global phases,
the parametrization can be constructed in such a way that it just contains

Nδ =
(N − 1)(N − 2)

2
(1.23)

phases for N neutrino types [1]. There are other ways to insert them [2], but it is advisable
to use the PDG convention. Especially every construction of a mixing matrix that deals
with more than three �avors should pass into the PDG convention for three �avors, if all
unconventional mixing angles are set to zero.

1.2 Mass hierarchies and sterile parameters

To explain the LSND and MiniBooNE data and at the same time stay consistent with
well-measured conventional oscillation parameters, mass-squared di�erences of about 1 eV
are needed (more precise s. e.g. [6]). Generally ∆m2

21 > 0 is established, but the sign of
∆m2

32 is unclear [1]. Any signs of ∆m2
i1 with i > 2 are possible as long as this does not lead

to a negative mass. The upper mass limit by tritium decay is mν̄e . 2 eV [7]. Considering
the results of oscillation experiments,

mν̄e ≈ m1,2,3 . 2 eV (1.24)

follows. Depending on experiment and model the limit can di�er [1]. So sterile states
in the eV range can be either heavier of lighter than the known �aver states . Fig. 1.2
shows all possible mass hierarchies in the 3+1 model. A convention how to include the n
sterile states into the mathematical description is needed, because there are many ways to
arrange the sterile states among the know states in the state vector and the PMNS matrix,
and in general, these various constructions are not equivalent, because the matrices Rij do
not commutate in general. W.l.o.g., |mi1

2| < |mj1
2| for i < j is assumed. This de�nition

is consistent with the PDG convention for three known states and will be motivated in
chapter 4.

To not violate current exclusion limits, the mixing angles of the sterile states must be very
small (s. [6]). In this work, large mixing angles at the boundary of the permitted values
are presented for demonstration reasons, because the e�ects can be transferred to smaller
values.

Denise Hellwig, Marius Wallra� 5
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Chapter 1. Theory

Figure 1.2: Possible mass hierarchies in the 3+1 model (not true to scale)
a): ∆m2

41, ∆m2
32 > 0; b): ∆m2

41 > 0, ∆m2
32 < 0; c): ∆m2

41, ∆m2
32 < 0;

d): ∆m2
41 < 0, ∆m2

32 > 0

Figure 1.3: Possible mass-hierarchies in the 3+2 model (not true to scale)
a): ∆m2

41, ∆m2
51 > 0; b): ∆m2

51 > 0, ∆m2
41 < 0; c): ∆m2

51, ∆m2
41 < 0;

d): ∆m2
51 < 0, ∆m2

41 > 0; each with +): ∆m2
32 > 0; -): ∆m2

32 < 0

6 RWTH Aachen University
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Chapter 2

Calculation of the oscillation

probabilities

2.1 Density pro�le

The density of the matter along the neutrino trajectory is needed for the calculation of
the oscillation probabilities since it is enters in (1.15). In this work, the PREM pro�le has
been taken as a basis for the density distribution. PREM (Preliminary Reference Earth

Model) is a frequently used model of the Earth. It was published in 1981 by Adam M.
Dziewonski and Don L. Anderson. The PREM pro�le describes the Earth as a radially
symmetric sphere with a radius of 6371 km. Besides the data for the mass density it also
contain data for seismic velocities inside the Earth among others. The Earth is divided
into nine zones. The main ones are the inner core, the outer core, the mantle, the crust,
and the ocean [8]. Fig. 2.1 shows the mass density ρ in dependence of the radius of the
Earth R.

There is a signi�cant jump in the density at about 3480 km. At this point the core ends
and the mantle begins, and with this, the elementary composition of the Earth changes
dramatically. As shown in Sec. 1.1.2, the relevant quantities are the electron and neutron
number densities instead of the mass density given by PREM. Hence, the Earth was divided
in two regions, R < 3480 km and R ≥ 3480 km. The core mainly consists of iron (≈ 80%)
and nickel (≈ 10%) with traces of lighter elements such as oxygen, silicon, and possibly
heavier elements such as gold and platinum [9]. On average, Ye ≈ 0.47. The main elements
in the outer region are oxygen (≈ 45%), silicon (≈ 22%), and magnesium (≈ 23%) [9],
which results in Ye ≈ 0.5.

Originally, the PREM mass density is given as a piecewise polynomial function. The data
used in this work is obtained from a piecewise linear interpolation between points sampled
from these polynomials [10]. These points are marked in �g. 2.1, where two more points
with a density of ρ = 0 were added in order to describe the atmosphere.

Denise Hellwig, Marius Wallra� 7



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

Chapter 2. Calculation of the oscillation probabilities
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Figure 2.1: Mass density distribution in the PREM pro�le

2.2 nuCraft

The program which was used to calculate the oscillation probabilities is the Python tool
nuCraft, created by Marius Wallra�. It allows for the calculation of oscillation probabilities
of neutrinos with an arbitrary number of �avors, including sterile neutrinos. It relies on
NumPy [11] and SciPy [12] and employs a SciPy wrapper around the algorithm ZVODE
[13] to numerically solve the Schrödinger equation (1.13). The calculation of the transition
probabilities follows by using (1.10). In its development, high priority is given to the
accuracy and precision of the results as well as to easy and �exible usage and reasonable
CPU requirements.

The tool can solve the Schrödinger equation in either the �avor base ((1.13)) or in the
interaction base, in which vacuum oscillations are represented by a constant function:

|ν̃〉 = eiM̃t|νFlavor〉 (2.1)

Ã = eiM̃tAe−iM̃t (2.2)

i
d

dx
|ν̃〉 =

1

2Eν
· Ã|ν̃〉 (2.3)

Calculating Ã in every step costs some additional matrix multiplications. However, for all
problems that are not heavily dominated by matter e�ects, these costs are overcompensated
by a much smoother potential for which ZVODE needs less steps, increasing performance
and reducing numerical errors [14]. The calculation and usage of matter parameters as
de�ned by (1.16) would give no advantages while increasing the computational e�ort.
The program is able to calculated the transition probabilities 3+n �avors. In order to do
so, only the dimension of the PMNS matrix has to be adapted and the required parameters
have to be de�ned.

By default, the Earth is modeled according to the model described in Sec. 2.1. The
detector is positioned 2 km below the surface by default, which is the approximate depth
of the center of IceCube. It is assumed to be point-like, because a variation on the scale of
1 km is negligible compared to the uncertainty of the generation height in the atmosphere.
The generation height of the neutrinos depends on the mode in which nuCraft is used.
At the time at which the thesis this report is based on was completed, all neutrinos were

8 RWTH Aachen University
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2.2. nuCraft

Figure 2.2: Calculation of the neutrino path length

generated at a �xed height of 20 km (con�gurable), see �g. 2.2. By now, more modes
have been implemented to better model the Earth's atmosphere. They are based on the
parametrizations in [15]. No closed-form representations of the parametrizations could
be found, so numerical solutions were approximated by log-normal distributions, whose
parameters were parameterized by sums of power functions in the cosine of the zenith
angle, which was modi�ed by a third-degree polynomial addend to keep it from becoming
smaller than 0.05, which is the lowest value for which the original solutions were given.
This way, the solutions are smooth at the horizon, which is the expected behavior.
The energy dependence of the original solutions was dropped for simplicity. Instead, the
functions were evaluated at 1GeV, which approximately is the upper energy for which
the exact atmospheric pro�le matters for oscillations of atmospheric neutrinos. The lower
energy is about 10MeV, below which oscillations are smeared out equally for all realistic
energy pro�les. The �avor dependency is kept in form of discrete solutions for either muon
and electron neutrinos.
The approximations show minor deviations from the original solutions, but they are good
enough, given the fact that the original solutions had to be interpolated in the zenith angle
between the six data points given in [15]. Also, the original solutions contain empirical
values, which were only given for the two geomagnetic locations of Kamioka in Japan and
Sudbury in Canada, both of which di�er from the South Pole and show slight deviations
from each other.

The calculation results agree well with those in [5], [16], [17], and [18].

As explained in Sec. 1.1.1, the parametrization of the PMNS matrix determines the mean-
ing of the mixing angles. In this work, the convention used in [5] is used; in general, nuCraft
supports all possible permutations of rotation matrices, including CP-violating phases.
According to [5], for the 3+1 model U is de�ned by

U = R34R24R23R14R13R12 . (2.4)

One should take note that this choice is mathematically identical to

U = R34R24R14R23R13R12 (2.5)

since R14 and R23 commute. In the 3+2-Model,

U = R45R35R34R25R24R15R14R23R13R12 (2.6)

was used, which passes into the 3+1 parametrization if one of the sterile states is not
mixing.

Denise Hellwig, Marius Wallra� 9



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

Chapter 2. Calculation of the oscillation probabilities

2.3 Conventions used in this work

This work focuses on signatures of sterile neutrinos at energies higher than about 100GeV,
where oscillations between the conventional neutrinos play almost no role. Variations
within the uncertainties of the relatively well-known parameters ∆m2

21, ∆m2
32, and θ12,

θ13, and θ23 were seen to almost not in�uence the oscillation signatures of sterile neutrinos
at high energies (see sec. 3.7). For this reason, these parameters remain �xed for this
work.
For the mass parameters, ∆m2

21 = 7.59 ·10−5 eV2 and ∆m2
21 = 2.43 ·10−3 eV2 were chosen.

These are the PDG values of 2010 [19]. For the mixing angles, a combination of PDG
2010[19] values and those of the Daya-Bay experiment was preferred [20][21]. In detail,
these are: sin(θ13) = sin(0.154), sin(θ23) = sin(0.685), and sin(θ12) = sin(0.60).
If not noted otherwise, inverted mass hierarchies are formed by the transition ∆m2

ji →
−∆m2

ji. The advantages of this method is that it is simple and easily reproducible, the
drawback is that the resulting values are distinct from the current best-�t values for in-
verted mass hierarchies. Because of the relatively weak impact of the standard parameters
on the studied high-energy signatures, it was decided that this is acceptable for this study.

In this work, two-dimensional plots of transition probabilities are presented. These transi-
tion probabilities are shown in dependence of the neutrino energy and of the path length
L of a neutrino before reaching the detector. The path length was calculated for points
equidistant in cos(θ). The calculated energy values were chosen to be equidistant on a
logarithmic scale.
The plots are visualizations of two-dimensional functions on 60000 grid points. In contrast
to histograms, there is no averaging over the rectangles; instead, every rectangle represents
the value of the function at its lower left corner.
In many plots an interference e�ect between the grid and the oscillation lengths of the
neutrinos can be observed. This interference e�ect is known as moiré e�ect [22]. The
pattern due to this e�ect does not correspond to physical oscillation probabilities. In fact,
physical patterns exist in these areas, but due to the resolution of the grid they can not
be resolved anymore.

10 RWTH Aachen University
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2.3. Conventions used in this work

Figure 2.3: Simulated event distribution of the dataset intended for a future analysis
(IC59, full year). nevent is the expected number of events over one year, L the path length
of the neutrinos through Earth, and E the neutrino energy.

Denise Hellwig, Marius Wallra� 11
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Chapter 3

3+1 model

This chapter deals with the impact of the existence of one sterile state in addition to the
known states. The 3+1 model is the base for the study of models with more than one
sterile state; for this reason it is quite useful to study it. Furthermore, the best �t value
of WMAP is 3 + n = 4.34 ± 0.87 [23]. Despite this, the 3+1 model can not completely
explain the MiniBooNe and LSND data [6].
Oscillations between muon and tau neutrinos and especially between muon and electron
neutrinos are strongly suppressed for energies of about one TeV or more. Therefore, os-
cillation e�ects for muon neutrinos at this energy range would be a very strong hint for
additional sterile states.
In order to o�er a base for comparison, �rst of all, the oscillation e�ects that occur without
sterile states are shown. Unless otherwise mentioned, ∆m2

32, ∆m2
41 > 0, i.e., the normal

mass hierarchy a) in �g. 1.2, is assumed. Afterwards, the focus will be on the case that
only muon neutrinos are mixing with sterile neutrinos, next on the case that only tau
neutrinos do so. Then muon neutrino mixing is added again, and �nally electron neutrino
mixing is. All this is at �rst done with the assumption that there is no CP violation, but
the last part of this chapter deals with non-zero CP-violating phases.

3.1 sin2(θ14) = sin2(θ24) = sin2(θ34) = 0:
Sterile neutrinos do not mix with the known states

IceCube can not discriminate between particles and anti-particles. Therefore, the �uxes of
muon neutrinos and muon antineutrinos have to be treated together to give an indication
of measurable e�ects. As approximation, the �uxes of muon neutrinos and antineutrinos
are assumed to be equal.
The averaged probability over muon and muon antineutrinos produced in the atmosphere
to be in beginning state is named 1

2 (Pµ→µ + Pµ̄→µ̄) in this work. It is shown in �g. 3.1
for the case in which sterile states are not mixing with the known. Regarding oscillation
e�ects, non-mixing is the same as non-existence. L is the path length of the neutrino from
its vertex in the atmosphere to the center of the detector as described in sec. 2.3. E the
neutrino energy. The notation s2

ij := sin2(θij) is used.

12 RWTH Aachen University
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3.1. sin2(θ14) = sin2(θ24) = sin2(θ34) = 0

Figure 3.1: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

The minimum at 10 GeV . E . 101.7 GeV � depending on the travel distance � is caused
by muon-tau oscillations resp. those of the corresponding antiparticles. The muon-tau
oscillation is similar to the vacuum oscillation. Although the neutrinos are moving through
the Earth from their point of view this situation almost equals the vacuum situation. The
reason for that is that both of them have the same possibilities to interact with matter
and hence A in 1.14 has zero-entries for both of them. Electron neutrino contributions
cause small corrections that result in di�erences to the vacuum situation at energies just
below the �rst oscillation minimum. Nevertheless the resulting probabilities are almost
symmetric in particles and antiparticles (s. �g. A.1).

The results for ∆m2
32 < 0 are almost the same. Figure 3.2 shows the di�erence in the

probability 1
2 (Pµ→µ + Pµ̄→µ̄) between the cases ∆m2

32 > 0 and ∆m2
32 < 0. It is caused by

the electron neutrinos, because
∣∣∆m2

31

∣∣ is not the same in these two cases (s. �g. 1.2).

Denise Hellwig, Marius Wallra� 13
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Chapter 3. 3+1 model

Figure 3.2: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between ∆m2

32 > 0
(unprimed) and ∆m2

32 < 0 (primed). L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.

3.2 sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

As an example, the probability Pµ̄→µ̄ of an muon antineutrino produced in the atmosphere
to be an muon antineutrino when reaching the detector for sin2(θ24) = 0.03 and ∆m2

32 > 0,
∆m2

41 = 1 eV2 is shown in �g. 3.3.

Two minima appear between 10 GeV . E . 101.7 GeV and at about E ≈ 103.5 GeV.

The minimum at 103.5 GeV is due to oscillation between muon antineutrinos and sterile
antineutrinos. As visible in equation (1.13), in this energy range, oscillations between the
know neutrinos �avors are strongly suppressed, and Pµ̄→µ̄ ≈ 1−Pµ̄→s1 (s. �g. 3.4, cf. �g.
3.3) holds. The process can be understood as a two-�avor oscillation.

It is evident from equation (1.20) that for ∆m2
41 > 0 resonances are only possible in the

antiparticle channel.

At E ≈ 103.2 GeV and L ≈ 11000 km there is full transition of muon antineutrinos into
sterile antineutrinos. Just below that there is some kind of break in the structure. This
is caused by the signi�cant density change inside the Earth between core an mantle. The
elemental composition of the matter (and hence also of the electron density) plus the
density is notably changing at this radius (s. part 2.1). For that reason, the di�erential
equation that describes the evolution of the states is notably changing, too (s. equation
(1.15))

14 RWTH Aachen University



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

3.2. sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

Figure 3.3: Probability Pµ̄→µ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a muon antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure 3.4: Probability Pµ̄→s1 for a muon antineutrino generated in the atmosphere to
reach the detector as a sterile antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Denise Hellwig, Marius Wallra� 15
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Chapter 3. 3+1 model

Figure 3.5: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Especially in the area of the low-energy minimum, the moiré e�ect is noticeable, which
was described in part 2.3. In this region, there are structures as �ne as or �ner than the
calculation grid, thus they cannot be resolved anymore.
The low-energy minimum is due to oscillations between tau and muon antineutrinos (s.
�g. 3.5), as already explained in part 3.1. The shape of these muon-tau oscillations is
not a�ected by the additional resonance at E ≈ 103.5 GeV. The probability Pµ→τ of
a muon antineutrino to be a tau antineutrino at the time of detection is shown in �g.
3.6. The shape of the muon-tau oscillations still is almost symmetrical in particles and
antiparticles for sin2(θ24) 6= 0 (cf. �g. 3.5, �g. 3.6). Mixing of muon and sterile neutrinos
reduces the maximum of Pµ̄→τ̄ . Its position slightly shifts towards higher energies (s.
�g. 3.7, cf. �g. A.1). The larger sin2(θ24) is, the more pronounced the changes are (s.
�g. A.2). The sign of ∆m2

32 does not in�uence the oscillation between muon and sterile
antineutrinos. The resonance stays in the antiparticle channel for ∆m2

32 < 0. For ∆m2
32 < 0

the maximum value of Pµ→τ is reduced and the position of the maximum is shifted as seen
in the antiparticle channel before (s. �g. A.3, cf. �g. 3.7). So the asymmetry of the
oscillations of both channels is not due to the resonance. Instead it is caused by changed
e�ective mixing angles and masses in matter: The muon antineutrino gets a greater mass
and for the e�ective mixing angle θ23,Mat between muon and tau antineutrinos in matter
θ23,Mat < θ23 holds.

The measurable probability 1
2 (Pµ→µ + Pµ̄→µ̄) of the presented example is shown in �g.3.8.

Regarding the averaged probability there are no di�erences between ∆m2
32 > 0 and ∆m2

32 <
0 that do not exist without sterile states. Caused by the already described asymmetry
in particles and antiparticles the low-energy minimum is less deep than for sin2(θ14) =
sin2(θ24) = sin2(θ34) = 0 (s. �g. 3.8, cf. �g. 3.3).

16 RWTH Aachen University
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3.2. sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

Figure 3.6: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure 3.7: Comparison of the probabilities Pµ→τ , Pµ̄→τ̄ of an vertically incoming an-
timuon/muon neutrino produced in the atmosphere to be an antitau/tau neutrino when
reaching the detector. E denotes the neutrino energy.

Denise Hellwig, Marius Wallra� 17
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Chapter 3. 3+1 model

Figure 3.8: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Because there is no noticeable transition Pµ→s1, in the TeV range transition probabilities
1
2 (Pµ→µ + Pµ̄→µ̄) < 1

2 are not possible.

For other ∆m2
41 > 0 a stretching of the oscillation between muon and sterile antineutrinos

on the energy axis occurs. In this process, the shape on the logarithmic axis stays the
same (s. �g. 3.9). There is a linear dependence of the position of each point on ∆m2

41,
which directly follows from the combination of the equations (1.17), (1.18), and (1.11). So
for further examination it is enough to analyze di�erent mixing angles at a �xed value of
∆m2

41.

If sin2(θ24) varies, the position on the energy axis roughly remains the same, but the shape
of the signature changes. For smaller sin2(θ34) the minimum becomes thinner and moves
towards larger path lenghts L. For sin2(θ24) . 0.01 a full transition of muon antineutrinos
into sterile antineutrinos is not achieved anymore (s. �g. 3.10, cf. �g. 3.3), because
the maximum path length that is possible due to the Earth's geometry is not su�cient.
The corresponding probability 1

2 (Pµ→µ + Pµ̄→µ̄) for sin2(θ24) = 0.01 can be found in the
appendix (�g. A.4) together with another example (�g. A.5 and �g. A.6).

For greater sin2(θ24) the minimum moves towards smaller path lengths. For even larger
values, vortices appear, the low-energy oscillations get overshadowed, and probabilities up
to 1

2 (Pµ→µ + Pµ̄→µ̄) ≈ 1
2 occur in the whole energy range between 10 GeV and 10 TeV (s.

�g. 3.11, �g. A.7). E�ects like that would have been experimentally measured already,
therefore, rigorous borders on θ24 can be given.

For ∆m2
41 < 0 the resonance in the oscillations between muon and sterile antineutrinos

switches to the neutrino channel (s. Abb. A.8). The averaged probability over particles

18 RWTH Aachen University
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3.2. sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

Figure 3.9: Probability Pµ̄→µ̄ of a vertically incoming antimuon neutrino produced in the
atmosphere to be an antimuon neutrino when reaching the detector for various ∆m2

41. E
denotes the neutrino energy.

Figure 3.10: Probability Pµ̄→µ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a muon antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Denise Hellwig, Marius Wallra� 19
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Chapter 3. 3+1 model

Figure 3.11: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

and antiparticles stays the same in very good approximation (s. �g. A.9, cf. �g. 3.8).
Di�erences occur because of the mixing among the known states, and because ∆m2

41 =
∆m2

42 is only an approximation. Despite this, they are negligible even in comparison to
every correction described below.

In the energy range of 101 GeV − 106 GeV, the approximation Pµ→e = Pµ̄→ē = 0 holds
very well (s. �g. A.10, �g. A.11).

20 RWTH Aachen University
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3.3. sin2(θ34) 6= 0, where sin2(θ24) = sin(θ14) = 0

Figure 3.12: Comparison of the probabilities Pµ→τ and Pµ̄→τ̄ for a vertically incoming
muon neutrino or antineutrino generated in the atmosphere to reach the detector as a tau
neutrino or antineutrino. E is the neutrino energy.

3.3 sin2(θ34) 6= 0, where sin2(θ24) = sin(θ14) = 0

Rigorous exclusion limits can be set on all sterile mixing angles by consideration of the
results of all neutrino experiments. Oscillations between tau- and muon neutrinos are dom-
inant in a much lower energy range than oscillations between muon and sterile neutrinos,
because of |∆m2

31| � |∆m2
41|. Therefore, since pure-muon-neutrino initial states are inves-

tigated, resonances in the TeV range do not come along even for mixing angles above the
exclusion limits (s. �g. A.12). However, changes of the e�ective masses and mixing angles
appear in the low-energy region as already explained in part 3.2. Here, the particle and
antiparticle channels are switched: For ∆m2

32 > 0 the maximum value of Pµ→τ decreases
and the position of the oscillation maximum moves towards higher energies (s. �g. 3.12,
cf. �g. 3.7). For ∆m2

32 < 0 equivalent changes appear in the antiparticle channel. Because
particles with energies below 100 GeV are very rare in the data set that will be used in the
follow-up analysis, this e�ect would not be recognizable. Very large mixing angles result
in reduced low-energy oscillations for long path lengths. They can be excluded because
oscillations are observed in this area.

3.4 sin2(θ24), sin
2(θ34) 6= 0, where sin2(θ14) = 0

In order to study the e�ects that are caused by adding θ34, sin2(θ34) = 0.04 was �xed while
the other parameters are the same as in �g. 3.8. Fig. 3.13 shows the resulting probability
1
2 (Pµ→µ + Pµ̄→µ̄). In comparison to �g. 3.8, the �rst minimum moves upwards and to the
left, hence towards lower energies and greater path lengths. For smaller path lengths the

Denise Hellwig, Marius Wallra� 21
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Chapter 3. 3+1 model

Figure 3.13: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

shape remains relatively unchanged. 1
2 (Pµ→µ + Pµ̄→µ̄) decreases in the medium-energy

range by about 0.1 in comparison to �g. 3.8. The low-energy minimum is wider but less
deep. In order to understand these e�ects, the muon-tau oscillation has to be considered
carefully in both channels.

Firstly, the transition probability of muon antineutrinos into tau antineutrinos is shown in
�g. 3.14. Compared to the corresponding plot for sin2(θ34) = 0.00 (�g. 3.5), �rst of all a
maximum at about E ≈ 103.1 GeV attracts attention. Even full transition is possible at
the upper edge. The low-energy oscillation maximum is slightly curved to the left. The
shape in the TeV range stretches linearly on the energy scale in dependence of ∆m2

41 (s.
�g. 3.15). Furthermore, the resonance between sterile and muon antineutrinos is reduced
(s. �g. 3.16, cf. �g. 3.4).
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3.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure 3.14: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure 3.15: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino, for various ∆m2

41. E is the
neutrino energy.
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Chapter 3. 3+1 model

Figure 3.16: Probability Pµ̄→s1 for a muon antineutrino generated in the atmosphere to
reach the detector as a sterile antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

The oscillation between muon and tau antineutrinos still occurs if muon neutrinos do
not mix with tau neutrinos (s. �g. 3.17, cf. �g. 3.14). Therefore, this process can be
understood as a sequence of two two-�avor oscillations. The terms of Pµ̄→τ̄ that cause the
resonance in the TeV range do not depend on θ23. At any given point inside the Earth,
atmospheric muon antineutrinos with energies in the TeV range only have the possibility
to be either an muon antineutrino or a sterile antineutrino if sin2(θ34) = 0 applies. If
sin2(θ34) is non-zero, even though muon antineutrinos can not directly transform into tau
antineutrinos at high energies, they are able to pass over into tau antineutrinos if they
were sterile antineutrinos before.
From the mathematical point of view, terms are added that depend on sin2(θ34), sin2(θ24),
and ∆m2

43 ≈ ∆m2
42 ≈ ∆m2

41. Switching the values of sin2(θ24) and sin2(θ34) approximately
leads to the same transition probabilities (cf. �g. 3.16, �g. 3.18). Despite that it turns
out that sin2(θ24) · sin2(θ34) is not the critical value (s. �g. 3.19). Neither are sin2(θ24) +
sin2(θ34) nor sin(θ24) + sin(θ34) the critical quantities (s. �g. A.13). This is already clear,
because these can take non-zero values for sin2(θ34) = 0 ∨ sin2(θ24) = 0 but there are no
resonances of Pµ̄→τ̄ in this case. The smaller the value of sin2(θ34) is while sin2(θ24) is �xed,
and the greater sin2(θ24) is while sin2(θ34) is �xed, the more considerable the resonance
between muon and sterile antineutrinos becomes (cf. �g. 3.16, �g. 3.20). The reason is
that for large sin2(θ24) many sterile antineutrinos arise and that for small sin2(θ34) only
a few of them pass over into tau antineutrinos. Still, the quotient sin2(θ24) ÷ sin2(θ34) is
not a good parameter because sin2(θ24) is a characteristic variable for the shape of the
signature. Furthermore, for sin2(θ34)→ 0 divergent behavior is not observable.
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3.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure 3.17: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure 3.18: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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Chapter 3. 3+1 model

Figure 3.19: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino, for various sin2(θ24), sin2(θ34)
with sin2(θ24) · sin2(θ34) = 0.0012. E is the neutrino energy.

Figure 3.20: Probability Pµ̄→s1 for a muon antineutrino generated in the atmosphere to
reach the detector as a sterile antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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3.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

It is necessary to focus on the particle channel to understand the decrease of the probability
1
2 (Pµ→µ + Pµ̄→µ̄). The probability of the transition of muon into tau neutrinos is shown
in �g. 3.21. There is a widening of the low-energy oscillation signatures in contrast to the
corresponding probability Pµ→τ for sin2(θ34) = 0.00 (�g. 3.6). The same e�ect appears if
electron neutrinos are not mixing with any neutrino type (s. �g. A.15, cf. �g. 3.21). So
this in not a result of a four-�avor oscillation. The widening does not occur in vacuum (s.
�g. A.16, cf. �g. 3.21). When having a careful look at �g. 3.21, one can see a break at
about the same height as in �g. 3.3, so matter parameters have to be considered.

Next, the dependencies of the widening of the low-energy oscillation on sin2(θ34) and
sin2(θ24) is studied. With �xed sin2(θ24), the widening is more noticeable the greater
sin2(θ34) is, and vise versa. In approximation, the product sin2(θ24) · sin2(θ34) is the
signi�cant parameter (cf. �g. 3.21, �g. 3.22, for the di�erence s. �g. A.17). Pµ→τ also
contains terms that lead to corrections at around the area of the low-energy oscillations
in case of sin2(θ24) = 0. sin2(θ24) · sin2(θ34) is not the relevant parameter for this terms.
Therefore, sin2(θ24) · sin2(θ34) is the most important parameter for the widening, but not
the only one.

For further illustration, �g. 3.23 shows Pµ→τ for a vertically incoming neutrino (L ≈
2 · Earthradius) for various sin2(θ34) with sin2(θ24) = 0.03 �xed. Pµ→τ for a vertically
incoming particle and various sin2(θ24) with sin2(θ34) = 0.03 �xed is shown in �g. 3.24.
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Chapter 3. 3+1 model

Figure 3.21: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure 3.22: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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3.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure 3.23: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various sin2(θ34) with sin2(θ24) =
0.03 constant. E is the neutrino energy.

For θ23 = 0 there are no low-energy oscillations that could change (s. �g. A.18). Conse-
quently, the oscillation probabilities contain terms that depend on θ23, θ24, and θ34. There
is a dependence on ∆m2

41, but it is less important than the dependence on the mixing
angles (s. �g. 3.25, cf. �g. 3.23, �g. 3.24).

For ∆m2
41 < 0 the resonance of Pµ̄→τ̄ in �g. 3.14 is switched into the particle channel (s.

�g. 3.26). The widening of the low-energy oscillations in the particle channel still stays
there for ∆m2

41 < 0 so that both e�ects are in the same channel.

For ∆m2
32 < 0 the widening of the low-energy oscillations is switched into the antiparticle

channel (s. �g. 3.27, cf. �g. 3.21). The higher-energy maximum can be found either in
the particle channel (∆m2

41 < 0) or in the antiparticle channel (∆m2
41 > 0).

Considering all described aspects results in the conclusion that terms must be important
that depend on ∆m2

32,Mat and on mixing angles θ23,Mat. The oscillation probabilities con-

tain matter parameters of higher order, meaning that they depend on sin2(θ23), sin2(θ34),
sin2(θ24), ∆m2

32, |∆m2
41|, ρ, and E.
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Chapter 3. 3+1 model

Figure 3.24: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various sin2(θ24) with sin2(θ34) =
0.03 constant. E is the neutrino energy.

Figure 3.25: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various ∆m2

41. E is the neutrino
energy.
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3.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure 3.26: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure 3.27: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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Chapter 3. 3+1 model

Figure 3.28: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between ∆m2

32 > 0
(unprimed) and ∆m2

32 < 0 (primed). L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.

Fig. 3.28 shows the non-zero di�erence of 1
2 (Pµ→µ + Pµ̄→µ̄) between ∆m2

32 > 0 (unprimed)
and ∆m2

32 < 0 (primed) for ∆m2
41 = 1 eV2 > 0.

Matter and antimatter can annihilate, but they can not transform into each other. Therefor
the calculation is done separately for both of them. Hence, any two e�ects are able to
in�uence each other only if they occur in the same channel. That is the reason for the
di�erence of the actually measurable probabilities between ∆m2

32 < 0 and ∆m2
32 > 0. This

di�erence is also described in [24]. In this paper, ∆m2
41 > 0 is assumed. The measurable

transition probabilities of ∆m2
32 > 0 ∧∆m2

41 < 0 and ∆m2
32 < 0 ∧∆m2

41 > 0 only di�er
from each other as they do for ∆m2

32 ≷ 0 without sterile states (s. �g. A.19, cf. �g. 3.2).
It is possible to identify the sign of ∆m2

32 only if the sign of ∆m2
41 known.

After all e�ects that are responsible for the global shape have been described, now their
dependencies on |∆m2

41| will be analyzed. The signatures in the TeV range that are due
to resonate oscillations between muon and tau neutrinos as well as between muon and
sterile neutrinos stretch on the logarithmic energy axis with linear dependence on |∆m2

41|.
The changes of the low-energy oscillations caused by matter parameters occur at lower

energies. They mainly depend on the e�ective mixing angles and not as much on |∆m2
41|.

Thus 1
2 (Pµ→µ + Pµ̄→µ̄) stretches as well as the probabilities Pµ̄→τ̄ (or Pµ→τ for ∆m2

41 < 0)
and Pµ→s1 (or Pµ̄→s1, respectively) on the energy axis. With respect to the logarithmic

axis the shape stays the same with a linear dependence on |∆m2
41| (s. �g. 3.29). The

widening of the low-energy oscillations can be described by sin2(θ24) · sin2(θ34), but this
does not apply for the shape in the TeV range. So the dependence on the mixing angles
can not be reduced to less parameters.
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3.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure 3.29: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a vertically incoming particle generated in the atmosphere to reach the detector
in the same state in which it was generated, for various ∆m2

41. E is the neutrino energy.

Figure 3.30: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Chapter 3. 3+1 model

Figure 3.31: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

For very large sin2(θ34) the low-energy oscillations vanish for long path lenghts. Further-
more, 1

2 (Pµ→µ + Pµ̄→µ̄) ≈ 1
2 holds between 10 and 1000 GeV for long path lengths (s.

�g. 3.30). Therefore, limits of sin2(θ34) can be found. There is another example with
∆m2

41 = 1 eV2, ∆m2
32 > 0, sin2(θ24) = 0.03, sin2(θ34) = 0.02 in the appendix (�g. A.14,

�g. A.20, �g. A.21, �g. A.22).

3.5 sin2(θ24), sin2(θ34), sin2(θ14) 6= 0

So far, electron neutrinos only caused small corrections due to ∆m2
21 � |∆m2

32| � |∆m2
41|.

The e�ects caused by electron neutrinos are still small if they mix with sterile states. For
sin2(θ24) = 0.03, sin2(θ34) = 0.04, and sin2(θ14) = 0.05, 1

2 (Pµ→µ + Pµ̄→µ̄) is shown in
�g. 3.31. Compared to the corresponding plot for sin2(θ24) = 0.03, sin2(θ34) = 0.04,
sin2(θ14) = 0.00 (�g. 3.13), a little shift of both minima towards lower energies can be
observed. Especially in the particle channel, changes of the oscillation between muon and
electron neutrinos occur due to sin2(θ14) 6= 0 (s. �g. A.24, cf. �g. A.11). The modi�cations
are just brie�y mentioned because the e�ects are small and the correlations are complex.

There is no full transition even for very large mixing angles θ14 (s. �g. A.25, �g. A.26).

E�ects due to changed matter parameters appear in the low-energy area of the particle
channel and a�ect the oscillation between electron and muon neutrinos. There are also
signatures in the TeV range (s. �g. A.27).
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3.6. CP-violating phases

Figure 3.32: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between sin2(θ14) = 0.00
(unprimed) and sin2(θ14) = 0.05 (primed). L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Di�erences compared with sin2(θ14) = 0 also exist in the antiparticle channel, but with on
the scale of these plots its not easy to see them (s. �g. A.28, cf. �g. A.10). A plot of Pµ̄→ē
in another scale is given by �g. A.29.

Because of the small transition probabilities, possible dependencies and signatures will not
be discussed here in detail.

As a result of the changes of the oscillations between muon and electron neutrinos in both
channels, the oscillations between muon neutrinos and the other states are rarely modi�ed,
too. Compared to those caused by the other mixing angles, theses changes are very small
(. 0.04, s. �g. 3.32). This holds for all mass hierarchies, and the e�ects are even smaller
for smaller sin2(θ14).

It is found that the TeV range signatures due to θ14 retain their shape on the logarithmic
energy axis for other |∆m2

41|. Hence, this applies for the whole shape in the TeV range,
resulting from all mixing angles (cf. �g. 3.31, �g. A.23). In this whole range, the relation
between the positions of points with the same probabilities and |∆m2

41| is linear (s. �g.
3.33).

3.6 CP-violating phases

In case of four neutrino types, the parametrization can be reduced to three CP-violating
phases (1.23). δ24, δ34, and δ13 have been chosen.
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Chapter 3. 3+1 model

Figure 3.33: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a vertically incoming particle generated in the atmosphere to reach the detector
in the same state in which it was generated, for various ∆m2

41. E is the neutrino energy.

Figure 3.34: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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3.6. CP-violating phases

Figure 3.35: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

For sin2(θ34) = sin2(θ14) = 0.00, the e�ects due to sterile states can be described by a
two-�avor oscillation (s. part 3.2). Thus, CP-violating phases do not lead to changes in
this case (s. part 1.1.3). For δ34, this is already implied by construction because the matrix
entry that is multiplied with the phases is zero. For non-zero sin2(θ34) and ∆m2

41 > 0 (< 0),
resonances in the muon-tau oscillations occur in the particle (antiparticle) channel. These
are understandable as a sequence of two two-�avor oscillations (s. part 3.4). Caused by
this fact, these signatures do not change if CP-violation is added. On the other hand, the
observed widening of the low-energy oscillations depends on θ23, θ24, and θ34. Hence in
this case CP-violation is relevant.

In order to give an example, Pµ→τ is shown in �g. 3.34 for δ24 6= 0 ◦, δ34 = δ13 = 0 ◦,
the corresponding probability Pµ̄→τ̄ in �g. 3.35. Compared to the corresponding plot for
δij = 0 ◦ (�g. 3.21), one can see that now the widening occurs not only in the particle
but also in the antiparticle channel. The signature in this energy range is symmetric. For
δij = 0 ◦, it spreads out up to higher energies (cf. �g. 3.21, �g. 3.34, �g. 3.35). For further
examination, various δ24 6= 0 ◦ are going to be compared: Pµ→τ is shown in �g. 3.36 for
various δ24 6= 0 ◦ and vertically incoming particles. The corresponding Pµ̄→τ̄ is shown in
�g. 3.37. The phase causes a rotation of the matter-dependent changes of the medium-
and low-energy oscillations from the particle into the antiparticle channel (s. part 3.4).

Provided that there is only a single non-vanishing CP-violating phase, the chosen phases
δ24 and δ34 result in similar transition probabilities (s. �g. A.30, �g. A.31, cf. �g.
3.36, �g. 3.37). In the corresponding plot for δ13 (�g. 3.38), all lines lie on top of each
other. δ13 does not produce such changes. Although the 3+1 model contains four neutrino
�avors, at the energies relevant here their oscillations arise just among three �avors due
to ∆m2

21 � |∆m2
32| � |∆m2

41|. In case of three oscillating sorts, the parametrization can
be reduced to one single phase (1.23). It has to be inserted in one of the components that
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Chapter 3. 3+1 model

take part in the oscillation process. For the purpose of veri�cation, changes caused by an
alternative parametrization containing δ23, δ14 and δ24 were also studied.

δ23 leads to similar changes like δ24 and δ34 if all other phases are vanishing (s. �g. A.32,
cf. �g. 3.36, �g. A.30). Thus in this case the choices δ23, δ34, or δ24 are equivalent if
three neutrino sorts are involved. If they are mixing with sterile states, electron neutrinos
cause that the phases δ34 and δ24 do not have completely the same impact, especially in
the energy range of E ≈ 10 GeV (s. �g. 3.39, A.33), just as δ13 causes changes in there
especially for sin2(θ14) 6= 0 (s. �g. A.34, �g. A.35). For ∆m2

41 < 0, δ24 and δ34 result in
changes analog to those described above (s. �g. A.36, cf. �g. 3.36). The same applies
for ∆m2

32 < 0 (s. �g. A.37, cf. �g. 3.36). The oscillation e�ects do not depend on the
signs of δij with 0 ◦ ≤ |δij | ≤ 180 ◦ (s. �g. A.38). They are 360 ◦-periodic via construction.
The oscillation probabilities of ∆m2

32 ≶ 0 ∧ (δi4 = ±180 ◦ ∧ δj4 = 0 ◦, i, j = 2, 3, i 6= j)
and ∆m2

32 ≷ 0 di�er from each other due to the di�erent sign of ∆m2
31. So the di�erence

equals �g. 3.2.
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3.6. CP-violating phases

Figure 3.36: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various δ24 6= 0 ◦ with δ34 = δ13 =
0 ◦. E is the neutrino energy.

Figure 3.37: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino, for various δ24 6= 0 ◦ with
δ34 = δ13 = 0 ◦. E is the neutrino energy.
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Chapter 3. 3+1 model

Figure 3.38: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various δ13 6= 0 ◦ with δ24 = δ34 =
0 ◦. E is the neutrino energy.

Figure 3.39: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between δ34 = 180 ◦, δ24 =
δ13 = 0 ◦ (unprimed) and δ24 = 180 ◦, δ34 = δ13 = 0 ◦ (primed). L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.

40 RWTH Aachen University



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

3.7. Errors on the known parameters

Figure 3.40: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

In order to give an indication of measurable values, �g. 3.40 shows 1
2 (Pµ→µ + Pµ̄→µ̄) for

the example presented in �g. 3.34 and �g. 3.35. Compared to �g. 3.31, in which all
phases are vanishing, di�erences exists in the area of the low-energy oscillations for long
path lengths. The minimum is deeper and shift towards higher energies for larger δ24. A
comparison of 1

2 (Pµ→µ + Pµ̄→µ̄) for various δ24 at maximum path length can be found in
�g. A.39.

3.7 Errors on the known parameters

Oscillations among the known neutrino states are strongly suppressed in the TeV range.
For that reason, the errors of the chosen conventional parameters do not a�ect the shape
in the TeV range. It was tested that variations of the value of ∆m2

32 in the 2σ-range and
variations of θ23 around ± 15% only lead to changes for energies E < 100 GeV. So that is
not a restriction on the later analyses, because this energy range is barely included in the
data set (s. �g. 2.3).
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Chapter 4

3+2 model

The subject of this chapter is the 3+2 model. It allows the theoretical description of the
LSND as well as the MiniBooNe data [6][1]. After all the changes that are caused by
the additional parameters of one single sterile state have been covered in part 3, now the
interaction of the parameters of two sterile states is studied. The goal is to identify relevant
parameters by looking at the interaction of the e�ects, provided that there are two sterile
states.

4.1 Impact of θ45

Because sterile neutrinos do not take part in the weak interaction, it is actually not possible
to associate a �avor state with them as already mentioned in part 1.1.1. Therefore, existing
interactions among sterile states can not be recognized experimentally. Thus, w.l.o.g.,
sin2(θ45) can be set to any value 0 ≤ sin2(θ45) ≤ 1. Most practical is sin2(θ45) = 0.
Other choices do not change measurable oscillation probabilities, but instead just change
the transition probabilities of both sterile states into each other. Pµ→s1 + Pµ→s2 and
Pµ̄→s1 + Pµ̄→s2 are constant for all choices of θ45. The probabilities Pµ→e, Pµ→τ , Pµ→µ,
Pµ̄→ē, Pµ̄→τ̄ , and Pµ̄→µ̄ are identical, too.

4.2 Impact of the relative sign of ∆m2
41 and ∆m2

51

4.2.1 sin2(θ24) = sin2(θ25) 6= 0, sin2(θij) = 0 with i = 1, 3, j = 4, 5

By examination of the most simple case sin2(θ24) = sin2(θ25) 6= 0, sin2(θij) = 0 with
i = 1, 3; j = 4, 5, in this section the impact of the relative of ∆m2

41 and ∆m2
51 is going to

be analyzed.
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4.2. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure 4.1: Probability Pµ̄→µ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a muon antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

∆m2
41, ∆m2

51 > 0 or ∆m2
41, ∆m2

51 < 0

In chapter 3 it has been explained that for ∆m2
41 > 0 and sin2(θ24) 6= 0 resonances between

muon and sterile neutrinos occur in the antiparticle channel.

Analog, there are two resonate oscillations in the antiparticle channel for ∆m2
41, ∆m2

51 > 0.
An example for a situation in which only muon neutrinos mix with sterile and in which the
parameters have been chosen symmetrically is given in �g. 4.1. The resonances a�ect each
other. If this was not the case, they would have been shifted on the x-axis but would have
had the same shape. Fig. (Abb. 4.2) serves further illustration: Pµ̄→µ̄ for the 3+2 model
(red line) is shown together with the probabilities that come around in the 3+1 model for
∆m2

41 = 1 eV2 (=: P1, dark blue line) and ∆m2
41 = 2 eV2 (=: P2, green line). It can be

seen that the probability in the 3+2 model does not match 1− (1− P1)− (1− P2) (cyan
line), min(P1, P2), or 1

2 (Pµ→µ + Pµ̄→µ̄) (s. �g. B.1).

One reason for this is that the number of muon antineutrinos inside the Earth depends on
how many of them already oscillated into one of the two sterile states. Therefore, both
probabilities strongly in�uence each other. Mathematically, there is no reason to assume
that the di�erential equation that describes the evolution of the states (1.13) separates
fully.

By comparison of �g. 4.1 and �g. 3.3, di�erences of the oscillation probabilities in the
region between the low-energy oscillation and the �rst minimum can be identi�ed. Fur-
thermore, by looking at �gures with di�erent values for ∆m2

41, ∆m2
51 but the same mixing

angles (�g. 4.3, �g. B.2), di�erent periodicities of this di�erences are visible. Hence a beat
due to ∆m2

54 can be observed.
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Chapter 4. 3+2 model

Figure 4.2: Probability Pµ̄→µ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a muon antineutrino. E is the neutrino energy.

Figure 4.3: Probability Pµ̄→µ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a muon antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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4.2. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure 4.4: Probability Pµ̄→µ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a muon antineutrino. E is the neutrino energy.

The smaller values ∆m2
51 −∆m2

41 = ∆m2
54 takes, the more the oscillations in�uence each

other (cf. �g. 4.2, �g. 4.4). For symmetrical choice of sin2(θ24) and sin2(θ25), the minima
can not be separated anymore for ∆m2

51 ÷∆m2
41 . 3

2 (s. �g. 4.3).

Instead of two separated minima there is now a clear single minimum. The corresponding
probability 1

2 (Pµ→µ + Pµ̄→µ̄) (s. �g. 4.5) clearly di�ers from the corresponding probability
in the 3+1 model with ∆m2

41 = 1eV2, sin2(θ24) = 0.03, sin2(θ34) = sin2(θ14) = 0.00 (s. �g.
4.5, cf. �g. 3.8).

The minimum is much more pronounced and reaches longer path lengths.

In part 3.2 it has already been shown that the resonance is shifted to the particle chan-
nel in case of one single sterile state with ∆m2

41 < 0. The measurable probability
1
2 (Pµ→µ + Pµ̄→µ̄) stays the same in good approximation. Likewise, here, both reso-
nances are shifted to the particle channel for ∆m2

41 < 0 and ∆m2
51 < 0 (s. �g. B.3).

1
2 (Pµ→µ + Pµ̄→µ̄) does almost not change. In part 1.2, w.l.o.g,. |∆m2

41| < |∆m2
51| has

been de�ned. Another de�nition that depends on which sterile state is heavier and which
is lighter is not advisable, because these cases can not be di�erentiated. The di�erence
between ∆m2

32 > 0 and ∆m2
32 < 0 is the same as it is without sterile states (s. �g. 3.2).

(∆m2
41 < 0 ∧∆m2

51 > 0) or (∆m2
41 > 0 ∧∆m2

51 < 0)

An example for a situation with (∆m2
41 > 0 ∧ ∆m2

51 < 0) is given by �g. 4.6. The plot
shows 1

2 (Pµ→µ + Pµ̄→µ̄) for ∆m2
51 = −1.50 eV2, with all other parameters as in �g. 4.5.

If the signs of ∆m2
41 and ∆m2

51 are di�erent, the resonance between muon neutrinos and
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Chapter 4. 3+2 model

Figure 4.5: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure 4.6: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

46 RWTH Aachen University



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

4.2. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure 4.7: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a vertically incoming particle generated in the atmosphere to reach the detector
in the same state in which it was generated. E is the neutrino energy.

the sterile state for which ∆m2
i1 < 0 applies is shifted to the particle channel (s. �g. B.4,

�g. B.5).

Now both oscillations occur in separated channels. Hence they in�uence each other much
less (cf. �g. 4.5, �g. 4.6; s. �g. 4.7, cf. �g. B.1). In �g. 4.6 two minima can be separated
at high path lengths, in �g. 4.5 they can not. Furthermore we can take from the plots
that the integrated probability 1

2 (Pµ→µ + Pµ̄→µ̄) in �g. 4.5 is larger, as the minimum is
both thinner and less deep. Only if the signs of ∆m2

41 and ∆m2
51 are di�erent, values of

1
2 (Pµ→µ + Pµ̄→µ̄) < 1

2 can occur. In case of ∆m2
41, ∆m2

51 ≷ 0, 1
2 (Pµ→µ + Pµ̄→µ̄) & 1

2 .

For lower energies, more distinct di�erences exist (s. �g. 4.7). Changes of the conventional
oscillations arise comparable to those in the 3+1 model for sin2(θ24) 6= 0 (s. part 3.2).
There, the minimum of 1

2 (Pµ→µ + Pµ̄→µ̄) levels o� slightly and shifts to higher energies (s.
�g. 3.7). Similar e�ects can be observed in the 3+2 model and cause changes in the area
of the conventional oscillations.

The probabilities 1
2 (Pµ→µ + Pµ̄→µ̄) are almost equal for (∆m2

41 < 0 ∧ ∆m2
51 > 0) and

(∆m2
41 > 0 ∧∆m2

51 < 0) (s. �g. B.6).
There are not di�erences between ∆m2

32 > 0 and ∆m2
32 < 0 that do not occur without

sterile states.

4.2.2 General unsymmetrical case

The signs of the mass-squared di�erences determine the channels in which resonances are
possible. ∆m2

i1 > 0 and sin2(θ2i) 6= 0 with i = 4, 5 enable resonant oscillations in the
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Chapter 4. 3+2 model

TeV range between muon neutrinos and the corresponding sterile state in the antiparticle
channel. If also sin2(θ3i) 6= 0 applies, additional resonances of the oscillation between muon
and tau antineutrinos arise (s. �g. 4.8). ∆m2

i1 < 0 results in nearly identical resonances
in the particle channel, provided that the sign of the other sterile mass-squared di�erence
changes, too (s. �g. 4.9, cf. �g. 4.8). Attention should be paid to the fact that the
examination is much more complex for θ45 6= 0. In this case, a sterile "`�avor state"'
contains di�erent amounts of the mass states, so that in case of unequal signs resonances
can arise in both channels for each "`�avor state"' (s. �g. B.7, �g. B.8). Still the sums
Pµ̄→s1+Pµ̄→s2 and Pµ→s1+Pµ→s2 are equal (cf. �g. B.9, �g. B.10; cf. �g. B.11, �g. B.12).
Because there are no di�erences regarding the transition probabilities into the known states
(cf. �g. 4.6, �g. B.13), the choice θ45 = 0 is w.l.o.g. possible and quite useful. Independent
of that, the relative signs of the ∆m2

i1 is a relevant parameter, because two resonances in
the same channel in�uence each other more than in separated channels. This result does
not depend on the de�nition of θ45 .

For sin2(θ34) 6= 0 ∨ sin2(θ35) 6= 0 the conventional oscillations change similarly to the way
they do in the 3+1 model for sin2(θ34), sin2(θ24) 6= 0 (s. �g. 4.9). sin2(θ24) · sin2(θ34)
is the most important parameter for the changes in the 3+1 model, where a dependency
on |∆m2

41| exists as well. In the 3+2 model the most important parameters are |∆m2
41|,

sin2(θ24) · sin2(θ34), |∆m2
51|, and sin2(θ25) · sin2(θ35) (cf. �g. 4.9, �g. 4.10) and not, e.g.,

sin2(θ24) · sin2(θ34) + sin2(θ25) · sin2(θ35) (cf. �g. 4.9, �g. B.14).
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51

Figure 4.8: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

In part 3.4 the di�erences in the 3+1 model with sin2(θ34) 6= 0 that result from various
mass hierarchies were discussed in detail. The e�ects that were described there can be
transferred to the mixing angles in the 3+2 model. ∆m2

32 > 0 and ∆m2
32 < 0 in general do

not result in identical physical probabilities, especially not for sin2(θ34) 6= 0∨sin2(θ35) 6= 0.

So usually the physical e�ects of two di�erent mass hierarchies are di�erent; especially for
sin2(θ34) 6= 0∨sin2(θ35) 6= 0. The cases ∆m2

41 > 0∧∆m2
51 > 0, ∆m2

41 < 0∧∆m2
51 < 0, and

∆m2
41 < 0 ∧∆m2

51 > 0, ∆m2
41 > 0 ∧∆m2

51 < 0 can di�er from each other by corrections,
but they are quite similar.

By a look at 1
2 (Pµ→µ + Pµ̄→µ̄) for the example in �g. 4.9 it becomes apparent that the

chosen values in the 3+2 model de�nitely break exclusion limits, because transition prob-
abilities ≈ 1

2 arise in the whole area between around 10GeV and 10TeV for long path
lengths (s. �g. 4.11). This conclusion holds for equal signs, too (s. �g. B.15). With re-
spect to single mixing angles, the parameter space in the 3+2 model might be the subject
of stricter restrictions than in the 3+1 model. In �g. 4.11, only the values of sin2(θ24) and
sin2(θ34) are larger than in �g. 4.12. The integral of the probability 1

2 (Pµ→µ + Pµ̄→µ̄) is
clearly smaller than in �g. 4.12. So boundary values can not refer to single mixing angles,
but only to matrix entries of (1.8).

Even in the 3+2 model, e�ects due to the mixing angles θ14, θ15 are small compared to
those caused by the other mixing angles (cf. �g. 4.5, �g. B.16, cf. �g. 4.13, �g. 4.15).
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Chapter 4. 3+2 model

Figure 4.9: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure 4.10: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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Figure 4.11: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure 4.12: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Chapter 4. 3+2 model

Figure 4.13: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

4.3 Impact of the ratio ∆m2
41 ÷∆m2

51

The discovery from 4.2.1 that besides |∆m2
41| and |∆m2

51| the di�erence |∆m2
41|−|∆m2

51| is
of importance, too, suggests the presumption that the ratio of the mass-squared di�erences
could be essential.

4.3.1 ∆m2
41, ∆m2

51 > 0 or ∆m2
41, ∆m2

51 < 0

∆m2
41 ÷∆m2

51 ≈ 1

In part 4.2.1 it was already noticed that minima close to each other can not be separated.
Now the focus is on ∆m2

41, ∆m2
51 very close to each other. An example is shown in

�g. 4.14. There is no di�erence to �g. 3.31. It arises that the sums c1 = sin2(θ24) +
sin2(θ25), c2 = sin2(θ14) + sin2(θ25), c3 = sin2(θ14) + sin2(θ15) for symmetric parameter
choices result in the same measurable probabilities as in the 3+1 model with the choice
sin2(θ24) = c1, sin2(θ34) = c2, sin

2(θ14) = c3. Sterile states with precise identical mass
are not distinguishable for us. But for lack of weak interaction a di�erentiation of such
sterile neutrinos in di�erent types is only meaningful if they interact di�erent under some
other, unknown interaction. This case will not be discussed. Nevertheless, mass-squared
di�erences at about the size of ∆m2

21 are possible. Even smaller di�erences can not be
excluded, especially since sterile neutrinos could even be lighter than the known sorts.
Hence on the basis of observations of one single resonance with 1

2 (Pµ→µ + Pµ̄→µ̄) ≥ 0.5 it
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Figure 4.14: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

can not be concluded that there is only one single sterile state. For the number of sterile
states, only a lower limit can be set.

Universal case

The relative mass-squared di�erence is a relevant parameter of the shape of the oscillation
e�ects in the TeV range. For equal ratio and equal mixing angles, the shape stretches on
the energy scale like in the 3+1 model (cf. �g. 4.15, �g. 4.16; s. �g. 4.17, cf. �g. 3.29).

There is a linear dependence between the energy at which 1
2 (Pµ→µ + Pµ̄→µ̄) is minimal

and ∆m2
41, provided that the ratio to ∆m2

51 is constant

This in not surprising, because a linear dependence of the whole shape in the TeV range
on ∆m2

41 was already observed in the 3+1 model, and the relative mass-squared di�erence
speci�es the interaction of the e�ects. For smaller energies corrections are needed, because
the e�ective muon-tau oscillation relies on the masses of sterile neutrinos for sin2(θ34) 6= 0.
If the ratio ∆m2

54 ÷∆m2
41 is not constant, quite di�erent signatures are possible even for

equal mixing angles (cf. �g. 4.15, �g. B.17, �g. 4.18). While in �g. 4.15 a single minimum
occurs, which separates a little for long path lengths, in �g. B.17 two minima occur, which
barely meet. Finally, for even greater gaps two separated minima occur (s. �g. 4.18).
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Figure 4.15: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure 4.16: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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51

Figure 4.17: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a vertically incoming particle generated in the atmosphere to reach the detector in
the same state in which it was generated, for various ∆m2

41 with ∆m2
41÷∆m2

51 = c = 1.5.
E is the neutrino energy.

Figure 4.18: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Figure 4.19: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between the 3+1 model
and the 3+2 model with |∆m2

51| � 1 eV2. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

|∆m2
51| � |∆m2

41|

The larger the ratio ∆m2
51÷∆m2

41 becomes, the less the resonances due to the sterile states
in�uence each other. It can be seen in �g. 4.19 that already for ∆m2

51 = 50 eV2 no changes
of the shape in the TeV range due to s1 can be recognized. Still, due to the non-resonant
oscillations, 1

2 (Pµ→µ + Pµ̄→µ̄) is slightly smaller at energies below the �rst minimum than
if only s1 exists.

4.3.2 (∆m2
41 < 0 ∧∆m2

51 > 0) or (∆m2
41 > 0 ∧∆m2

51 < 0)

If their signs are unequal, the ratio of the mass-squared di�erences is a relevant parameter,
too. It can be seen again that the shape stretches linearly on the logarithmic axis if
∆m2

51 ÷∆m2
41 = c is constant (s. �g. 4.20, cf. �g. 4.17). Signatures in the TeV range due

to a state s1 with |∆m2
41| ≈ 1 eV2 are not a�ected by a state s2 with |∆m2

51| � 1 eV2.
This can be seen by the fact that this conclusion was found for equal signs of ∆m2

51, ∆m2
41,

and the resonances are always less dependent in case of unequal signs.
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Figure 4.20: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a vertically incoming particle generated in the atmosphere to reach the detector in
the same state in which it was generated, for various ∆m2

41 with ∆m2
41÷∆m2

51 = c = −1.5.
E is the neutrino energy.

4.4 Impact of the angle distribution

In this section it will be examined in which way the oscillation e�ects due to the mixing
angles of a sterile state depend on whether the sterile state associated with them is the
one with the greater absolute value of its mass-squared di�erence.

The angles of the two sterile neutrinos are by construction not of equivalent meaning,
because the pseudo rotation matrices in the parametrization of the PMNS mixing matrix
((2.6)) in general do not commutate. Association of the observed e�ect with mixing angles
must be done with this in mind.

4.4.1 ∆m2
41, ∆m2

51 > 0 or ∆m2
41, ∆m2

51 < 0

For examination it is advisable to chose the mixing angles θ35, θ34 symmetrically. Fig. 4.21
shows an example, where two minima of the probability Pµ̄→τ̄ occur. The one at lower
energies is clearly more distinct. It comprises a larger area and contains greater transition
probabilities. Furthermore this minimum looks more like the one that arises in the 3+1
model for the same mixing angle (s. �g. 3.14, cf. �g. 4.21).

Suchlike observation can be done for the oscillation between muon and sterile antineutrinos,
too. For reasons of demonstration, the example with sin2(θ25) = sin2(θ24) = 0.03 is taken
up again. The plots 4.22 and 4.23 show the corresponding probabilities Pµ̄→s1 and Pµ̄→s2,
respectively. In �g. 4.22, greater values are reached.
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Figure 4.21: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

The di�erences are less distinct in the discussed example, because the oscillation between
muon and tau antineutrinos is dominant (s. �g. B.18, �g. B.19, cf. �g. 3.16).

So the parameters of the neutrino with smaller absolute value of its mass-squared di�erence
s1 are of bigger impact. This holds for the alternative parametrization with |∆m2

41| >
|∆m2

51| and identical mixing angles (s. �g. B.20, cf. �g. 4.21). The corresponding
resonance emerges for lower energies and hence � �guratively spoken � it deprives the
neutrinos from the resonance at higher energies. The smaller the mass-squared di�erence
among the sterile states, the more distinct this e�ect is (cf. �g. 4.21, �g. B.21). Therefore,
general statements, which refer only to the mixing angles, are not possible. Instead it
must be taken into account which values of ∆m2

41 and ∆m2
51 are associated with the

corresponding states s1, s2.

The signature due to a mixing angle depends also on the values of the other mixing angles,
as we can take from the di�erent signatures of s2 in �g. 4.21 and �g. 4.24. There are
di�erences to the 3+1 model even for sin2(θ34) = 0 ∨ sin2(θ35) = 0. Indeed the shape of
the signature is similar, but the maximum value is smaller (s. �g. 4.25, cf. �g. 3.14; s.
�g. 4.26). The muon antineutrinos in the example from �g. 4.25 are not only able to
transform into the state s2, but they can also transform into s1. Because transition into
tau antineutrinos is only possible from the state s2, Pµ̄→τ̄ becomes smaller.
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4.4. Impact of the angle distribution

Figure 4.22: Probability Pµ̄→s1 for a muon antineutrino generated in the atmosphere to

reach the detector in state s1. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure 4.23: Probability Pµ̄→s2 for a muon antineutrino generated in the atmosphere to

reach the detector in state s2. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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Figure 4.24: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure 4.25: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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4.4. Impact of the angle distribution

Figure 4.26: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino, for various sin2(θ24). E is the
neutrino energy.

The greater values a mixing angle takes, the more it forms the signature due to the other
mixing angles (s. �g. 4.26). Caused by corrections due to the relative sign to ∆m2

32, the
transition probabilities of both mass hierarchies di�er a little bit from each other (s. �g.
B.22, �g. B.23).

4.4.2 (∆m2
41 < 0 ∧∆m2

51 > 0) or (∆m2
41 > 0 ∧∆m2

51 < 0)

The oscillations are more independent than in case of equal signs, because they occur in
separated channels. Hence both resonances look more like the resonance in the 3+1 model
(s. �g. 4.8, �g. 4.27, cf. �g. 3.14).

They are about equally prominent, with their minimum values being equal. Therefore,
the signature due to a mixing angle here depends less on which mass state it is associated
with. There are slight di�erences due to the relative signs of ∆m2

41 or ∆m2
51 to ∆m2

32,
respectively (s. �g. B.24).
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Figure 4.27: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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Chapter 5

Conclusion

5.1 3+1 model

In chapter 3 oscillation e�ects due to the addition of a single sterile state to the known
states were studied. The angles θ24, θ34, and θ14 were step-by-step assumed to be non-
vanishing, in order to examine the changes caused by them. Finally, there was a look at
CP-violating phases. The e�ect caused by the existence of a single additional sterile state
are summarized below.

For θ24 6= 0, θ34 = θ14 = 0, and ∆m2
41 > 0, a resonance in the TeV range between

muon and sterile neutrinos occurs in the antiparticle channel, for ∆m2
41 < 0 almost the

same resonance occurs in the particle channel. The situation is describable as a two-
�avor oscillation. For other values of ∆m2

41 the signature stretches on the energy axis.
There is a linear dependence of the transition probability on |∆m2

41|, hence the shape
on the logarithmic axis is kept. θ24 determines the shape of the signature. The greater
values sin2(θ24) takes, the smaller the path length of the minimum of Pµ̄→µ̄ or Pµ→µ is,
respectively. Furthermore, the minimum is bigger and changes its shape non-linearly.

If θ34 assumes non-zero values, too, in addition a resonance of the probability Pµ̄→τ̄
(∆m2

41 > 0) or Pµ→τ (∆m2
41 < 0) appears in the TeV range. It is not a direct result

of oscillations between muon and tau neutrinos, but can be understood as a sequence of
two two-�avor oscillations between muon and sterile neutrinos and then between sterile
and tau neutrinos.

Furthermore, in this case the matter parameters θ23,Mat and ∆m2
32,Mat distinctly di�er from

the corresponding vacuum variables. Due to this there is a widening of the conventional
oscillations in the particle channel (∆m2

32 > 0) or in the antiparticle channel (∆m2
32 < 0).

Because ∆m2
21 is much smaller than the other mass-squared di�erences, the angle θ14 is

less important compared to the other mixing angles.

CP-violating phases do not a�ect the structures of the transition probabilities in the TeV
range. This is in so far understandable as they can be understood as two-�avor oscillations.
The matter parameters θ23,Mat and ∆m2

32,Mat depend on the phases δ24 and δ34. Both

Denise Hellwig, Marius Wallra� 63



ic
e
c
u
b
e
/2

0
13

0
3
0
0
1-

v
2

Chapter 5. Conclusion

phases cause similar changes. Di�erences occur only for sin2(θ14) 6= 0. In this case, δ13

also leads to changes.

In order to describe the structures in the TeV range completely, it is enough to focus on
a speci�c ∆m2

41, because there is a linear dependence of the transition probabilities on
∆m2

41.

5.2 3+2 model

The general impact of the mixing angles in the 3+2 model can be deduced from the 3+1
model.

For ∆m2
41,∆m

2
51 > 0 and sin2(θ24), sin2(θ25) 6= 0, resonant oscillations between sterile and

muon neutrinos in the antiparticle channel is possible, and for ∆m2
41,∆m

2
51 < 0 in the

particle channel. Provided that in addition sin2(θ34), sin2(θ35) 6= 0 applies, corresponding
resonances between muon and tau neutrinos occur. Furthermore, in this case changes of
the conventional oscillations as already seen in the 3+1 model appear.

The relative sign of ∆m2
41 and ∆m2

51 is an important parameter, because in case of unequal
signs, the oscillations take place in separated channels, hence in sum more distinct e�ects
are possible. If they occur in the same channel, they in�uence each other.

Furthermore, the ratio ∆m2
41÷∆m2

51 is an interesting parameter. For equal relative mass-
squared di�erences and equal mixing angles, the signatures in the TeV range stretch on
the energy scale with linear dependence on ∆m2

41,∆m
2
51.

For every combination of mixing angles in the 3+1 model, a counterpart in the 3+2 model
with mass-squared di�erences of the sterile states very close to each other can be found.

The signature due to a mixing angle depends on which sterile neutrino type is associated
with it, especially if the signs of ∆m2

41 and ∆m2
51 are equal. Mixing angles referring to

the sterile state with the smaller absolute value of its mass-squared di�erence cause more
distinct e�ects. The mixing angles of each sterile state in�uence the probabilities due to
the mixing angles of the other one. Therefore, further reductions of the parameter space
are not possible.

Sterile states s2 with |∆m2
51| � 1 eV2 do not modify signatures in the TeV range due to

sterile states s1 with |∆m2
41| ≈ 1 eV2.
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Appendix A

3+1 model

A.1 sin2(θ14) = sin2(θ24) = sin2(θ34) = 0

Figure A.1: Comparison between the probabilities Pµ→τ and Pµ̄→τ̄ for a vertically incom-
ing muon neutrino or antineutrino generated in the atmosphere to reach the detector as a
tau neutrino or antineutrino. E is the neutrino energy.
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Appendix A. 3+1 model

A.2 sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

Figure A.2: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino, for various sin2(θ24). E is the
neutrino energy.

Figure A.3: Comparison between the probabilities Pµ→τ and Pµ̄→τ̄ for a vertically incom-
ing muon neutrino or antineutrino generated in the atmosphere to reach the detector as a
tau neutrino or antineutrino. E is the neutrino energy.
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A.2. sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

Figure A.4: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure A.5: Probability Pµ̄→µ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a muon antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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Appendix A. 3+1 model

Figure A.6: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure A.7: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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A.2. sin2(θ24) 6= 0, where sin2(θ34) = sin2(θ14) = 0

Figure A.8: Probability Pµ→µ for a muon neutrino generated in the atmosphere to reach
the detector as a muon neutrino. L is the path length through the Earth (s. �g. 2.2), E
is the neutrino energy.

Figure A.9: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a particle generated in the atmosphere to reach the detector in the same state in
which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Appendix A. 3+1 model

Figure A.10: Probability Pµ̄→ē for a muon antineutrino generated in the atmosphere to
reach the detector as an electron antineutrino. L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.

Figure A.11: Probability Pµ→e for a muon neutrino generated in the atmosphere to reach
the detector as an electron neutrino. L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.
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A.3. sin2(θ34) 6= 0, where sin2(θ24) = sin(θ14) = 0

A.3 sin2(θ34) 6= 0, where sin2(θ24) = sin(θ14) = 0

Figure A.12: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Appendix A. 3+1 model

A.4 sin2(θ24), sin
2(θ34) 6= 0, where sin2(θ14) = 0

Figure A.13: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino. E is the neutrino energy. It
is illustrated that neither sin2(θ24) + sin2(θ34) nor sin(θ24) + sin(θ34 or sin2(θ24) · sin2(θ34)
are decisive quantities.

Figure A.14: Probability Pµ̄→s1 for a muon antineutrino generated in the atmosphere to
reach the detector as a sterile antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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A.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure A.15: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure A.16: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino, when assuming vacuum propagation. L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.
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Appendix A. 3+1 model

Figure A.17: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabili-

ties, averaged over muon neutrinos and antineutrinos, for a particle generated in the
atmosphere to reach the detector in the same state in which it was generated, be-
tween sin2(θ14) = 0.00, sin2(θ24) = 0.03, sin2(θ34) = 0.04 (unprimed) and sin2(θ14) =
0.00, sin2(θ24) = 0.06, sin2(θ34) = 0.02 (primed). L is the path length through the Earth
(s. �g. 2.2), E is the neutrino energy.

Figure A.18: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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A.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure A.19: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between ∆m2

32, ∆m2
41 > 0

(unprimed) and ∆m2
32, ∆m2

41 < 0 (primed). L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.

Figure A.20: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Appendix A. 3+1 model

Figure A.21: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure A.22: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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A.4. sin2(θ24), sin2(θ34) 6= 0, where sin2(θ14) = 0

Figure A.23: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Appendix A. 3+1 model

A.5 sin2(θ24), sin
2(θ34), sin

2(θ14) 6= 0

Figure A.24: Probability Pµ→e for a muon neutrino generated in the atmosphere to reach
the detector as an electron neutrino. L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.

Figure A.25: Probability Pµ→e for a muon neutrino generated in the atmosphere to reach
the detector as an electron neutrino. L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.
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A.5. sin2(θ24), sin2(θ34), sin2(θ14) 6= 0

Figure A.26: Probability Pµ̄→ē for a muon antineutrino generated in the atmosphere to
reach the detector as an electron antineutrino. L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.

Figure A.27: Probability Pµ→e for a muon neutrino generated in the atmosphere to reach
the detector as an electron neutrino. L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.
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Appendix A. 3+1 model

Figure A.28: Probability Pµ̄→ē for a muon antineutrino generated in the atmosphere to
reach the detector as an electron antineutrino. L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.

Figure A.29: Probability Pµ̄→ē for a muon antineutrino generated in the atmosphere to
reach the detector as an electron antineutrino. L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.
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A.6. CP-violating phases

A.6 CP-violating phases

Figure A.30: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various δ34 6= 0 ◦ with δ24 = δ13 =
0 ◦. E is the neutrino energy.

Figure A.31: Probability Pµ̄→τ̄ for a vertically incoming muon antineutrino generated in
the atmosphere to reach the detector as a tau antineutrino, for various δ34 6= 0 ◦ with
δ24 = δ13 = 0 ◦. E is the neutrino energy.
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Appendix A. 3+1 model

Figure A.32: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various δ23 6= 0 ◦ with δ24 = δ13 =
0 ◦. E is the neutrino energy.

Figure A.33: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between δ34 = 180 ◦, δ24 =
δ13 = 0 ◦ (unprimed) and δ24 = 180 ◦, δ34 = δ13 = 0 ◦ (primed). L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.
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A.6. CP-violating phases

Figure A.34: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between δ34 = 0 ◦, δ24 =
δ13 = 0 ◦ (unprimed) and δ13 = 180 ◦, δ34 = δ24 = 0 ◦ (primed). L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.

Figure A.35: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between δ34 = 0 ◦, δ24 =
δ13 = 0 ◦ (unprimed) and δ13 = 180 ◦, δ34 = δ24 = 0 ◦ (primed). L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.
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Appendix A. 3+1 model

Figure A.36: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various δ24 6= 0 ◦ with δ34 = δ13 =
0 ◦. E is the neutrino energy.

Figure A.37: Probability Pµ→τ for a vertically incoming muon neutrino generated in the
atmosphere to reach the detector as a tau neutrino, for various δ24 6= 0 ◦ with δ34 = δ13 =
0 ◦. E is the neutrino energy.
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A.6. CP-violating phases

Figure A.38: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between δ24 = 60 ◦, δ34 =
δ13 = 0 ◦ (unprimed) and δ24 = −60 ◦, δ34 = δ13 = 0 ◦ (primed). L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.

Figure A.39: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a vertically incoming particle generated in the atmosphere to reach the detector
in the same state in which it was generated, for various δ24 6= 0 ◦ with δ34 = δ13 = 0 ◦. E
is the neutrino energy.
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Appendix B

3+2 model

B.1 Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure B.1: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineutri-

nos, for a vertically incoming particle generated in the atmosphere to reach the detector
in the same state in which it was generated. E is the neutrino energy.
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B.1. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure B.2: Probability Pµ̄→µ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a muon antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure B.3: Probability Pµ→µ for a muon neutrino generated in the atmosphere to reach
the detector as a muon neutrino. L is the path length through the Earth (s. �g. 2.2), E
is the neutrino energy.
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Appendix B. 3+2 model

Figure B.4: Probability Pµ→s2 for a muon neutrino generated in the atmosphere to reach
the detector in state s2. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure B.5: Probability Pµ̄→s2 for a muon antineutrino generated in the atmosphere to

reach the detector in state s2. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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B.1. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure B.6: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄) − 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the at-
mosphere to reach the detector in the same state in which it was generated, between
∆m2

41 = 1.00 eV2, ∆m2
51 = −1.50 eV2 (unprimed) and ∆m2

41 = −1.00 eV2, ∆m2
51 =

1.50 eV2(primed). L is the path length through the Earth (s. �g. 2.2), E is the neu-
trino energy.
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Appendix B. 3+2 model

Figure B.7: Probability Pµ→s2 for a muon neutrino generated in the atmosphere to reach
the detector in state s2. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure B.8: Probability Pµ̄→s2 for a muon antineutrino generated in the atmosphere to

reach the detector in state s2. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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B.1. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure B.9: Probability Pµ→s1 +Pµ→s2 for a muon neutrino generated in the atmosphere
to reach the detector in state s1 or s2. L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.

Figure B.10: Probability Pµ→s1 +Pµ→s2 for a muon neutrino generated in the atmosphere
to reach the detector in state s1 or s2. L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.
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Appendix B. 3+2 model

Figure B.11: Probability Pµ̄→s1 + Pµ̄→s2 for a muon antineutrino generated in the atmo-

sphere to reach the detector in state s1 or s2. L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.

Figure B.12: Probability Pµ̄→s1 + Pµ̄→s2 for a muon antineutrino generated in the atmo-

sphere to reach the detector in state s1 or s2. L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.
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B.1. Impact of the relative sign of ∆m2
41 and ∆m2

51

Figure B.13: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure B.14: Probability Pµ→τ for a muon neutrino generated in the atmosphere to reach
the detector as a tau neutrino. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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Appendix B. 3+2 model

Figure B.15: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.

Figure B.16: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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B.2. Impact of the ratio ∆m2
41 ÷∆m2

51

B.2 Impact of the ratio ∆m2
41 ÷∆m2

51

Figure B.17: Probability 1
2 (Pµ→µ + Pµ̄→µ̄), averaged over muon neutrinos and antineu-

trinos, for a particle generated in the atmosphere to reach the detector in the same state
in which it was generated. L is the path length through the Earth (s. �g. 2.2), E is the
neutrino energy.
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Appendix B. 3+2 model

B.3 Impact of the angle distribution

Figure B.18: Probability Pµ̄→s2 for a muon antineutrino generated in the atmosphere to

reach the detector in state s2. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.

Figure B.19: Probability Pµ̄→s1 for a muon antineutrino generated in the atmosphere to

reach the detector in state s1. L is the path length through the Earth (s. �g. 2.2), E is
the neutrino energy.
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B.3. Impact of the angle distribution

Figure B.20: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.

Figure B.21: Probability Pµ̄→τ̄ for a muon antineutrino generated in the atmosphere to
reach the detector as a tau antineutrino. L is the path length through the Earth (s. �g.
2.2), E is the neutrino energy.
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Appendix B. 3+2 model

Figure B.22: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between ∆m2

51, ∆m2
41 > 0

(unprimed) and ∆m2
51, ∆m2

41 < 0 (primed). L is the path length through the Earth (s.
�g. 2.2), E is the neutrino energy.

Figure B.23: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between ∆m2

32 > 0
(unprimed) and ∆m2

32 < 0 (primed). L is the path length through the Earth (s. �g. 2.2),
E is the neutrino energy.
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B.3. Impact of the angle distribution

Figure B.24: Di�erence 1
2 (Pµ→µ + Pµ̄→µ̄)− 1

2

(
P ′µ→µ + P ′µ̄→µ̄

)
between the probabilities,

averaged over muon neutrinos and antineutrinos, for a particle generated in the atmosphere
to reach the detector in the same state in which it was generated, between ∆m2

41 <
0, ∆m2

51 > 0 (unprimed) and ∆m2
41 > 0, ∆m2

51 < 0 (primed). L is the path length
through the Earth (s. �g. 2.2), E is the neutrino energy.
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